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1. Introduction 

1.1. Spectral geometry is the field of mathematics which deals with re- 
lationships between geometric structures of an n-dimensional Riemannian 
manifold (M, g) and the spectra of canonical differential operators. The field 
of spectral geometry is a vibrant and active one. 

In the present paper we show spectral properties of a little-known natural 
Riemannian second-order differential operator acting on differential forms. 

The paper is organized as follows. First, we consider the basis of the 
space of natural Riemannian (with respect to isometric diffeomorphisms of 
Riemannian manifolds) first-order differential operators on differential r- 
forms (1 < r < n — 1) with values in the space of homogeneous tensors 
on (M,g). This basis consists of three operators {d, d*,D} where d is the 
exterior differential, d* is the formal adjoint to d exterior codifferential and 
D is a conformal differential (see [16]). 

Second, using basis operators, we construct the well-known the Hodge-de 
Rham Laplacian A := d*d + dd* and the little-known Tachibana operator 
□ :=r(r + l)D*D. 

We recall that the Hodge-de Rham operator is natural (that is, they 
commute with isometric diffeomorphisms of Riemannian manifolds), ellip- 
tic, self-adjoint second order differential operator acting on differential forms 
on (M,g). If (M,g) is compact, spectrums of such operator is an infinite 
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divergent sequence of real numbers, each eigenvalue being repeated accord- 
ing to its finite multiplicity (see [4, p. 334-343]; [5, p. 273-321]). Moreover, 
for a long time many geometers have been discussed the first eigenvalue of 
the Hodge-de Rham operator on a compact (M, g) . They have different 
estimates its lover bounds on (M, g) of positive curvature operator (see, for 
example, [4, 5, 7, 9, 12, 19, 21, 22] and etc.). 

Third, we note that the Tachibana operator □ is a natural (that is, they 
commute with isometric diffeomorphisms of Riemannian manifolds), elliptic, 
self-adjoint second order differential operator acting on smooth differential 
forms on (M,g) too (see [4, 18]). In addition, we will prove that □ has 
positive eigenvalues, the eigenspaces of □ are finite dimensional and eigen- 
forms corresponding to distinct eigenvalues are orthogonal. Moreover, we 
will show that the first eigenvalue of the Tachibana operator on (M, g) with 
the positive curvature operator has its lover bound. 

1.2. The present paper is based on our report at the International conference 
Differential Geometry and its Applications (Czech Republic, August 19-23, 
2013). At the same time the paper is a continuation of the research, which 
we started in [18] and [19]. 



2.1. (M, g) be an n-dimensional compact connected Riemannian C°°-manifold 
with some metric tensor g. For the metric j on M, we denote by V the asso- 
ciated Levi-Civita connection, R and Ric respectively the Riemannian and 
Ricci curvature tensors of g. By VL r {M) we denote the vector space of C°°- 
forms of degree r = 0, 1,2, ... ,n on (M,g). When the manifold (M,g) is 
oriented, we denote by uj g the canonical n-form, called the volume form of 



The metric g induces pointwise inner products in fibers of various tensor 
bundles over (M,g). Then using the pointwise inner product in Q r (M) and 
the volume form u g we can implicitly the Hodge star operator * : il r (M) 
— >■ f2 n-r (M) as the unique isomorphism mapping forms of degree r to forms 
of degree n — r by the formula oj A (*#) = g(u},9)oj g for all forms uj,9 £ 



O r (M) (see [1, p. 33], [14, p. 203]). 

By integrating the pointwise inner product g(co, 9) for any uj and 9 in 
O r (M) we get the Hodge product (see [1, p. 203]) 



2.2. Bourguignon proved (see [2]) the existence of a basis of the space 
of natural Riemannian (with respect to isometric diffeomorphisms) first- 
order differential operators on Q r (M) with values in the space of homoge- 
neous tensors on (M,g) which consists of three operators, but only two of 
them to he recognized. These operators are the well-known exterior differ- 
ential d: fT(M) — > W +1 (M) and the adjoint to d exterior codifferential d*: 



2. Basic definitions and results 



(M,g). 
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n r+1 (M) ^n r (M) which defined via the formula (see [14, p. 204]) 

{du, 9) = (oj, d*9) (2) 

for any oj G Q r ~ 1 (M), 9 G VL r+1 (M). In addition, we have proved in [15] that 
the third basis operator is the conformal differential D: Q r (M) — > ri 1 (M) ® 
il r (M) which defined by the formula D = V — ^j-j- d — n _p +1 g Ad*. In turn, 
the conformal differential D admits a canonical formal adjoint operator D*: 
n 1 (M) ® fi r (M) -»• ft r (M) such that D* = V* - ^ (i* - g Ado trace 

where V* is the formal adjoint operator to V (see [16]). 

From the basis {d, d*,D} we can define the well-known (see [1, p. 34]; [14, 
p. 204]) Hodge-de Rham Laplacian A := d*d + dd* and Tachibana strong 
Laplacian (see [4, 9]) 

D*D := - 1 - ( A — (fci 1 gAdd*) (3) 

r(r + l) V r + 1 n-r + 1 7 w 

where A := V*V is a strongly elliptic operator which is known as the 
Bochner rough Laplacian acting on forms (see [1, p. 54]; [13, p. 78]). 

It is well known, that the kernel of A consists of harmonic r-forms (see 
[14, pp. 205-212]). On the other hand, we have proved in [16] that the kernel 
of D*D consists of conformal Killing r-forms for all r = 1, 2, . . . , n — 1. 

Remark. Conformal Killing r-forms for r > 2 were introduced by Kashi- 
wada (see [11]) as a natural generalization of conformal Killing vector fields, 
which are also called infinitesimal conformal transformations. 

2.3. We give reviewing some basic properties of the Hodge-de Rham Lapla- 
cian A, its eigenvalues and their forms which will be used later for compar- 
ison with our results. 

The Hodge-de Rham Laplacian A has the following properties (see [4, 
p. 334-343]; [5, p. 273-321]): 

(1) A necessary and sufficient condition for Aw = is that doj = d*oj = 
0. 

(2) *A = A*. If oj is a harmonic form, so is *u. 

(3) A is self-adjoint, that is, {Auj, 9) = (oj, A9) for all w, 9 G fT(M). 

We denote by H r (M, R) the vector space of harmonic r-forms defined on 
(M, g). Then (see [14, pp. 202-212; 375-392]) for each integer r with < r < 
n, dimM r (M,R) = b r (M) for the Betti number b r (M) of (M,g). The Betti 
numbers bo(M), b\(M), . . . , b n (M) are well known topological invariants of 
M. These numbers satisfy the following Poincare duality property b r (M) = 

bn-r(M). 

A real number A r for which there is a r-form oj which is not identically 
zero such that Aoj = X t oj is called an eigenvalue of A and the corresponding 
r-form oj an eigenform of A corresponding to A r . The eigenforms corre- 
sponding to a fixed A r form a subspace of fT(M), namely the eigenspace of 
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The following statements about eigenvalues of and their corresponding 
forms are valid (see [4, pp. 334-343]; [5, pp. 273-321]). 

(1) The Laplacian A has a positive eigenvalue A r and in fact a whole 
sequence of eigenvalues which diverge to +oo. 

(2) A r = \ n ~ r for all r = 1, . . . , n - 1. 

(3) The eigenspaces of A are finite dimensional. 

(4) The eigenforms corresponding to distinct eigenvalues are orthogonal. 

(5) Let R: Q 2 (M) ->■ Q 2 (M) be the curvature operator of (M,g), which 
is uniquely defined by the following identity g(R(X A Y), W A Z) = 
g(R(X AY),Z, W) for X, Y,Z,W E C°°TM (see [14, p. 36]). If R 
satisfies the inequality R > 5 for some positive number 5 at every 
point of M, then 

A r > inf{r(n — r + 1) 5; (n — r)(r + 1) 5} 

and the Betti numbers b r (M) = for all r = 1, . . . , n — 1 (see [4, 
pp. 342-343], [22]). The equality is attained on for the Euclidian 
sphere of constant curvature 5 and some conformal Killing r-form 
(see [22]). 

2.4. Let (M, g) be an n-dimensional compact connected Riemannian man- 
ifold. By [15], the form u £ fT(M) is conformal Killing if and only if 
D*Duj = 0. It is clear that conformal Killing forms of a given degree will 
form a linear vector space (with constant real coefficients) over (M,g). We 
denote by T r (M, R) the vector space of conformal Killing r- forms defined 
on (M,g). Then for each integer r with 1 < r < n — 1, dim TP' (M, R) = 
t r (M) < oo for the Tachibana number t r (M) of (M, g) and all r = 1, . . . , n—\ 
(see [17, 18]). The Tachibana numbers t±(M), . . . , i n _i(M) are confor- 
mal scalar invariants of (M,g) and satisfy the following duality property 
t r (M) = t„_ r (M) that is an analog of the Poincare duality for the Betti 
numbers (see [17]). 

We define the Tachibana operator by the formula □ = r(r + 1) D*D and 
formulate some basic properties of the Tachibana operator □ in the following 
lemma. 

Lemma 1. Let (M,g) be an n-dimensional compact connected Riemann- 
ian manifold and £l r (M) be the vector space of C°° -forms of degree r = 
1, 2, . . . , n - 1 on (M, g). Then the Tachibana operator □: fL r (M) -»• tt r (M) 
has the following properties: 

(1) □ is an elliptic and self-adjoint operator. 

(2) *□ = □*. If oj is a conformal Killing form, so is *u. 

(3) The kernel of □ is the finite dimensional vector space T r (M, R) of 
conformal Killing r-forms. 

A real number A r for which there is some r-form ui which is not identically 
zero such that □ u = X r u is called an eigenvalue of □ and the corresponding 
r-form to an eigenform of □ corresponding to A r (sec [19]). The eigenforms 
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corresponding to a fixed A r form a subspace of O r (M) , namely the eigenspace 
ofA r . 

We formulate some basic properties of eigenvalues of the Tachibana op- 
erator □ and their forms in the following theorem, which will be proved 
later. 

Theorem 1. Let (M,g) be an n- dimensional compact connected Riemann- 
ian manifold and □ be the Tachibana operator. Then the following state- 
ments about eigenvalues of □ and their corresponding forms are satisfied. 

(1) The Tachibana operator □ has positive eigenvalues \ r and \ r = \ n ~ r 
for all r = 1, . . . , n — 1. 

(2) The eigenspaces of □ are finite dimensional. 

(3) The eigenforms corresponding to distinct eigenvalues are orthogonal. 

We denote by S r (M) the vector space of (smooth) covariant symmetric 
r-tensor fields on (M,g). The curvature tensor R defines a linear endo- 
morphism A: S 2 (M) — s- S 2 (M), which called as the curvature operator of 
second kind (see [1, p. 51-52]; [3, 20]) by the formula 

n 

(A<p)(X,Y) = Tr<p(R(x,e i ),Y,e i ) 
i=l 

for any (p <E S 2 {M) and X, Y G C°°TM, where {ei, . . . , e n } is an orthonor- 
mal basis of T X M at an arbitrary point x G M. 

The symmetries of R imply that A is a selfadjoint operator, with respect 
to the pointwise inner product on S 2 (M). Hence the eigenvalues of A are 
all real numbers at each point x G M. We note that if the eigenvalues of A 
are > 5 (respectively < 5) at an arbitrary point x G M then the sectional 
curvatures at > 5 are (respectively < 5). 

It is well-known that S 2 {M) is not irreducible at each point x G M. We 
denote by S 2 (M) the vector space of traceless symmetric 2-tensor fields on 
(M,g). Then S 2 (M) splits into 0(n, M)-irreducible subspaces as S 2 (M) = 
Sq(M) (£> C°°M ■ g (see [1, p. 46]). Thus, we say A is positive (respectively 
negative), or simply A > (respectively A < 0), if all eigenvalue of it 
restricted to Sq(M) are positive (respectively negative). It should be noted 
that A does not preserve the subspace Sq(M) in general, but it does, for 
instance, when g is an Einstein metric (see [1, p. 52]). 

We can formulate now the following theorem. 

Theorem 2. Let (M,g) be an n-dimensional compact connected Riemann- 
ian manifold and □ be the Tachibana operator. Suppose the curvature op- 
erator of the second kind K : S 2 (M) — > S 2 (M) is negative and bounded 
above by some negative number - 8 at each point x G M , then an arbitrary 
eigenvalue of □ satisfies the inequality X r > r{n — r) 5 and the Tachibana 
numbers t r {M) = for all r = 1, . . . , n — 1. The equality X r = r(n — r) 5 is 
attained for some harmonic eigenform of □ and in this case the multiplicity 
of A r less or is equal to the Betti number b r (M). 
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Remark. It is clear that the multiplicity of the eigenvalue A r = inf{r(n — 
r + 1) 5; (n — r)(r + 1) 5} of the Hodge-de Rham Laplacian A less or is equal 
to the Tachibana number t r (M) for all r = 1, 2, . . . , n — 1. 

Suppose now that (HP, go) is a compact n-dimensional hyperbolic man- 
ifold with standard metric go having constant sectional curvature equal to 
-1. In this case, we can obtain from above theorem the following corollary. 

Corollary 1. Let (H n ,<7o) be a compact n-dimensional hyperbolic manifold 
then A r > r(n — r). The equality \ r = r(n — r) is attained if and only 
ifn = 2r. In this case the multiplicity of A r is equal to the Betti number 
6 r (M 2r ). 

3. Proofs of statements 

In the remainder of this paragraph, we assume that (M,g) is compact. 
Taking its orientable double covering, if necessary, we may consider (M, g) 
as orientable without loss of generality. 

3.1. First of all we prove the Lemma. We know that D*D is an elliptic 
operator, its kernel has a finite dimension and that an arbitrary form oj is 
conformal Killing if and only if D*D = (see [16]). Therefore the Tachibana 
operator □ is elliptic too, its kernel consists of conformal Killing forms and 
has the finite dimension t r (M). Next, thanks to (3), we have 

(□w, 6) = r(r+l) (D*Duj, 9) = r(r+l) (Deo, DO) = r(r+l) (u, D*D6) = (w, DO) 

(4) 

for any oj,0 G C°°A r M, it follows that that □ is a self-adjoint positive semi- 
definite operator. Therefore all eigenvalues of □ are real positive numbers. 
Moreover, the equality * □ = □ * holds because for an arbitrary form oj £ 
n r (M) we have 

* (Doj) = * (V*Vw) — * (d*duj) * (dd*u) = 

y ' x ' r + 1 v ' n-r + l y ' 

= V*V(*w) — dd*(*u) 1 d*d(*u) = D(*u), 

where * V = V*, *d*d = dd** and *dd* = d*d* (see [8, p. 72]; [10, p. 107]; 
[23, p. 9]). The Lemma is proved. 

Next we prove Theorem 1. First, from the Lemma we can conclude that 
the Tachibana operator □ has positive eigenvalues A r and A r = \ n ~ r for all 
r = 1, . . . , n — 1. 

Second, for an eigenvalue A r of □ we can define the differential operator 
of second order □': Q r (M) -»• fT(M) such as □' = □ - A r Id. It is obvious 
that the operator □' is elliptic, its kernel has a finite dimension and consists 
of eigenforms of □ corresponding to A r . Therefore, the eigen-space of □ 
corresponding to A r is finite dimensional. 
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Third, let us put Du = f/co and DO = \ r 6 for u, 9 € C°°A r M and A r / 
[i r . Then it follows from (4) that //<w,0) = r(r + \){Duj,D6) = X r {u,6). 
As a corollary we obtain (ui,6) = 0. The converse is evident. This completes 
the proof of Theorem 1. 

3.2. Finally, we prove Theorem 2. Let (M,g) be a compact Riemannian 
manifold. First of all, we note that from the definition of □ and (3) we 
obtain 

(\Duj,uj) = (Auj,lj) -j— j- (duj,duj) — - (d* uj , d* uj) . (5) 

for any r-form uj on (M, g). 

In turn, the Laplacian A admits the following well known Weitzenbock 
decomposition (see [1, p. 53]; [14, p. 211]): Auj = Aw + F r {uj) where F r {uj) 
depends linearly on the curvature R and Ricci Ric tensors of (M,g) and 
(Aw,w) = (duj,duj} + (d*uj,d*uj) > 0. In this case the equation (5) can be 
rewritten in the form 

T Tl — V 

(Duj,uj) = —(F r (oj),uj) -j-y (duj,<hj) -j— j- (d*u,d*uj}. (6) 

Next, we suppose that the curvature operator of the second kind i? : 
S 2 (M) — > S 2 (M) is negative and bounded above by some negative number 
-5 at each point x G M, then (see [20]) 

g(F r (u),u) < -r(n-r)Sg(u,u). (7) 

If we account of (6), we will have 

T Tl — T 

{CIuj,uj) > r(n — r) 5 g(u,uj) H — - (duj : dui) H — - (d* uj , d* uS) . (8) 

Then for an eigenform uo corresponding to an eigenvalue A r , (8) becomes the 
inequality 

T Ti — T 

(A r - r(n - r) 5) (u, u) > (du, duo) + (d*w, d*w>. (9) 

r + 1 n — r + 1 

which proves that 

A r > r{n-r)5 > 0. (10) 

If the equality is valid in (10), then from (9) we obtain doj = d*ui = 0. In 
this case uj is harmonic and the multiplicity of A r less or is equal to the Betti 
number b r (M). 

In particular, let (M,g) be a compact model hyperbolic space (M 2r ,go) 
with standard metric go having constant sectional curvature equal to - 1 then 
A r > r(n — r). At the same time it is well known (see [6]) that L 2 -harmonic 
r- forms appear on a simply connected complete hyperbolic manifold (M, g) 
of constant sectional curvature - 1 if and only if n = 2r. Therefore, if (M, g) 
is a compact model hyperbolic space (H n , go) then the equality A r = r(n — r) 
is attained if and only if n = 2r. In this case the multiplicity of A r is equal 
to the Betti number 6 r (IH 2r ). 
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